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Fig. 3 Temperature distribution for NEPE propellant by spectroscopy
method at 3-MPa pressure.

and the maximum time resolution for the temperature measurement
of one point is about 10 µs, which is much smaller than the burning
duration of SQ-2 propellant samples.

Conclusions
All results in this paper are given based on the following assump-

tions: 1) combustion of the flame is steady; 2) the flame is optically
thin for its small size; and 3) the flame is in local thermal equilibrium
state.

The temperature distributions in the axes for the SQ-2 propellant
at different pressures are shown in Fig. 2. There are three areas,
the climbing-temperature area, the high-temperature area and the
fall-temperature area, in the temperature distribution. The temper-
ature in the high-temperature area is unstable because of the turbu-
lence of the flame and the unsteady of combustion. And also, this
instability can be found in the line intensity data without Abel’s
inversion.

The maximum flame temperatures are compared with the re-
sults from thermocouple method and equilibrium calculation
(shown in Table 1). The data of thermocouple method and
equilibrium calculation are provided by the Beijing Institute of
Technology.

The data in Table 1 show that the maximum flame tempera-
ture increases along with the rising of the pressure. The results
from the spectroscopy method are about 100 K higher than those
from the thermocouple method and much nearer to the temper-
ature from equilibrium calculation with the rising of the pres-
sure. As a reference, Dong Yang1 has reported that the maxi-
mum temperatures of SQ-2 propellant exhaust plumes are 2234
and 2202 K for 240 and 500 mm apart from the motor nozzle
when the work pressure of the chamber is about 13.0 MPa. The
results from the spectroscopic diagnostic system are reasonable in
comparison with the preceding results from other methods. The
relative standard deviations of maximum temperature of the SQ-
2 propellant’s flame at different pressures are less than 5% for all
measurements.

The temperature distribution of the solid-propellant nitrate-ester-
plasticized polyethane (NEPE) is also measured by the spectro-
scopic diagnostic system. The result is not satisfactory because
there are metal particles in the NEPE propellant, which will absorb
and scatter the radiation, and emit their own spectrum. Figure 3
shows one of the measurement results. In fact, the temperature
measurements for the NEPE propellant at different pressures are
made for many times. The relative standard deviations of the max-
imum flame temperature are about 15% in our measurements,
which are a little bit larger. This will be studied in the later
work.
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Nomenclature
Bi = Biot number, hl ′/k
h j = heat transfer coefficient of surface j , W/m2 K
k = thermal conductivity of fin material, W/m K
l ′ = one-half fin height at the base, m; dimensionless form,

l = l ′/r ′
i

M j = convection characteristic number of surface j ,
h jr ′

i /k(= Bj1/ l)
q = heat transfer from the fin, W; dimensionless form,

Q = q/kϕ f (2πr ′
i )

r ′ = radius, m; dimensionless form, r = r ′/r ′
i

r ′
i = pipe inside radius, m

r ′
j = j radius, m; dimensionless form, r j = r ′

j/r ′
i
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T = two-dimensional temperature within the fin, K
Tb = fin base (root) temperature, K
T f = fluid temperature inside pipe, K
T∞ = surrounding temperature, K
V ′ = fin volume, m3; dimensionless form, V = V ′/πr ′3

i
z′ = vertical coordinate, m; dimensionless form, z = z′/r ′

i
α = bottom-to-top convection characteristic number ratio,

M2/M1

β = tip-to-top convection characteristic number ratio, Me/M1

θ = dimensionless temperature, (T − T∞)/(T f − T∞)
λn = eigenvalues, n = 1, 2, 3, . . .
ϕ f = modified fluid temperature, (T f − T∞), K

Subscripts

b = fin base (root)
e = fin tip
f = fluid inside pipe
1 = fin top
2 = fin bottom
∞ = surrounding

Superscript

∗ = optimum

Introduction

E XTENDED surfaces have been used to enhance the rate of heat
transfer from a primary surface to its surrounding fluid in many

applications, such as air conditioning, the cooling of combustion
engines or electronic components, and cryogenics. Annular fins, for
example, are one of the important components of finned-tube heat
exchangers and the optimization procedures for these fins have been
an important concern for a long time.

The studies of the optimum dimensions for annular fins of var-
ious profiles have yielded several publications.1−7 Brown1 consid-
ered rectangular fins, whereas Mikk2 investigated both rectangular
and triangular fins. Ullmann and Kalman3 analyzed four different
profiles (rectangular, triangular, parabolic, and hyperbolic). Razelos
and Imre4 examined rectangular, triangular, and trapezoidal annu-
lar fins with variable thermal-conductivity and heat-transfer coeffi-
cients. Recently, Laor and Kalman5 studied rectangular, triangular,
and parabolic profiles, whereas Zubair et al.6 presented a variable
profile that can be reduced to a rectangular profile. These studies are
based on a one-dimensional analysis. However, two-dimensional
analysis, which shows the temperature distribution along the fin
height, can be applied to a wide variety of sizes and shapes with
accuracy (e.g., for a larger Biot number or for a fin that is relatively
thick). Also, two-dimensional studies of annular fins have been pub-
lished. Razelos and Georgiou7 presented the variation of a removal
number Nr (defined as a measure of heat transfer augmentation) as
a function of Bi1/2 for annular fins with constant thickness as well
as triangular, parabolic profiles. Lalot et al.8 presented an expres-
sion for the efficiency of annular fins made of two materials. Look9

showed the heat-loss ratio between a fin and a bare pipe for a radial
fin of uniform thickness using one- and two-dimensional methods.
An interesting paper by Yovanovich et al.10 has an analysis of ther-
mally symmetric annular fins. The pertinent results are presented in
the form of efficiency versus Biot number. These papers focus on
the performance and fin height at the base, which is fixed. It appears,
at this point, that information on an optimum design for thermally
asymmetric annular fins appears to be lacking in the literature.

The purpose of this presentation is to examine the optimum
steady-state design for vertical convective annular fins using two-
dimensional analysis. This Note is based on the following assump-
tions: 1) heat transfer from the fluid to the inside radius of the pipe
is equal to heat transfer through the fin base (the fin base temper-
ature is not constant), 2) the fin tip is not insulated, losing heat
by convection, and 3) the fin-top convection characteristic number
is different from the fin-bottom convection characteristic number
(thermal asymmetry).

Fig. 1 Schematic of a thermally asymmetric annular rectangular fin.

Two-Dimensional Analysis
The nondimensional form of the governing equation for a ther-

mally asymmetric annular rectangular fin, as illustrated in Fig. 1,
can be written as

∂2θ

∂r 2
+ 1

r

∂θ

∂r
+ ∂2θ

∂z2
= 0 (1)

The corresponding boundary conditions are shown as
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+ M1 · θ |z = l = 0 (4)

∂θ

∂z

∣
∣
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∣

z = −l

− M2 · θ |z =−l = 0 (5)

The solution θ(r, z) within the fin is presented by Eqs. (6–15):

θ(r, z) =
∞∑

n = 1

Nn · f (r) · f (z) (6)

where

f (r) = I0(λnr) + fn K0(λnr) (7)

f (z) = cos(λnz) + gn sin(λnz) (8)

Nn = 4 · sin(λnl)

An

1

Bn + Cn
(9)

An = [2λnl + sin(2λnl)] + g2
n[2λnl − sin(2λnl)] (10)

Bn = I0(λnrb) + fn K0(λnrb) (11)

Cn = λn

[
rb

M f
+ rb ln(rb)

]

[ fn K1(λnrb) − I1(λnrb)] (12)

fn = λn I1(λnre) + Me I0(λnre)

λn K1(λnre) − Me K0(λnre)
(13)

gn = λn sin(λnl) − M1 cos(λnl)

λn cos(λnl) + M1 sin(λnl)
(14)

= M2 cos(λnl) − λn sin(λnl)

λn cos(λnl) + M2 sin(λnl)
(15)
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The eigenvalues are calculated using Eqs. (14) and (15). The heat
loss is calculated as indicated by

q =
∫ l ′

−l ′
−k

∂T

∂r ′

∣
∣
∣
∣

r ′ = r ′
b

2πr ′
b dz′ = −kϕ f (2πr ′

i )

∫ l

−l

∂θ

∂r

∣
∣
∣
∣

r = rb

rb dz

(16)

Further, the dimensionless form of the heat loss can be expressed as

Q = q

kϕ f (2πr ′
i )

= −2
∞∑

n = 1

Nn Hnrb sin(λnl) (17)

where

Hn = I1(λnrb) − fn K1(λnrb) (18)

Finally the fin volume is calculated by

V ′ = 2

∫ r ′
e

r ′
b

2πr ′l ′ dr ′ = 4πr ′3
i

∫ re

rb

rl dr (19)

The dimensionless form of the fin volume is

V = V ′/πr ′3
i = 2l

(

r 2
e − r 2

b

)

(20)

Results
The results presented here were calculated for only a few typical

values of the pertinent parameters, including a constant fin volume
in most cases. The dimensionless temperature profiles along the
fin-tip height are presented as Fig. 2 in the case of convection char-
acteristic number ratios of α = 0.8, 0.9, and 1. As expected, the
temperature profile for α = 1 is symmetric, whereas the tempera-
ture at the top surface is lower than the temperature at the bottom
surface for α = 0.8 and 0.9. The figure also indicates that tempera-
ture decreases as α increases at the same z-coordinate position; this
statement is based on the fact that the average of all of the surface
convection characteristic numbers increases as α increases.

Table 1 lists the dimensionless temperature at the fin base with
the variation of fin-base radius, tip radius, fin-top-surface convection
characteristic number, and convection characteristic number inside
the pipe in the case of α = 0.9, β = 1, and l = 0.1. This table illus-
trates that the base temperature decreases as the fin base radius, tip
radius, and top-surface convection characteristic numbers increase
or the convection characteristic number inside the pipe decreases.

Fig. 2 Dimensionless temperature distribution along the fin-tip height
with M1 = 0.1, β = 1, rb = 1.1, re = 1.5, l = 0.2, and Mf = 1000.

Table 1 Dimensionless base temperature with variations of rb,
re, Mf , and M1 (α= 0.9, β = 1, l = 0.1)

θ(r = rb, z = 0)

M1 M f re rb = 1.01 rb = 1.05 rb = 1.1 rb = 1.2

0.1 10 1.5 0.9337 0.9153 0.8970 0.8751
2 0.8949 0.8623 0.8263 0.7684

1000 1.5 0.9930 0.9700 0.9464 0.9152
2 0.9884 0.9493 0.9061 0.8364

0.2 10 1.5 0.8871 0.8560 0.8251 0.7868
2 0.8469 0.8007 0.7504 0.6701

1000 1.5 0.9875 0.9467 0.9054 0.8504
2 0.9823 0.9232 0.8591 0.7578

Fig. 3 Dimensionless heat loss as a function of fin tip radius for a fixed
fin volume with V = 0.3, with α= 0.9, β = 1, rb = 1.1, and Mf = 1000.

It can be deduced that the fin base temperature approaches the fluid
temperature inside the pipe as rb approaches 1 and M f approaches
infinity for small values of fin-tip convection characteristic number
and fin-tip radius. It also can be noted the base temperature for re = 2
decreases more rapidly than that for re = 1.5 as rb increases. The
arbitrarily selected values of rb = 1.1 and M f = 1000 will be used
in all further discussions.

The constant-fin-volume dimensionless heat loss Q as a function
of fin tip radius re is shown in Fig. 3. It appears that Q becomes
unbounded when re approaches 1.2 (i.e., for an extremely short fin).
The reason for this phenomenon can be explained physically as
follows: because the fin volume V is constant, l∗, which represents
the fin half-thickness at the fin base, will increase while re decreases.
In other words, the extremely large Q is caused by increasing the
half fin-base thickness l∗. Obviously, the design in this case is not
practical. Another important phenomenon shown in Fig. 3 is that
a maximum heat loss Q∗ may not be always exist. That is, for
M1 ≤ 0.2, the maximum heat loss will occur. In the case of M1 = 0.4,
it is seen that there is no maximum heat loss in the practical range
of fin lengths. Therefore the optimum fin design is not obtainable
when M1 is beyond certain values.

Figure 4 presents the variation of the optimum heat loss. Q∗ is
the maximum nondimensional heat loss in the practical range of fin
lengths and dimensions as a function of a for an annular fin of rectan-
gular profile when the fin volume is fixed. This figure indicates that
the optimum heat loss and the optimum fin half-thickness increase
linearly, whereas the optimum fin-tip radius decreases linearly as a
increases for three fin-base radii. Note that the optimum heat loss
increases as the fin-base radius and the optimum fin half-thickness
increase as the fin-base radius increases for a fixed value of a.

The effects of the Biot number ratio β on the optimum rectangu-
lar profile annular fin design under thermally asymmetric condition
are shown as Fig. 5. The increase of β causes a slight increase
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Fig. 4 Optimum heat loss vs α for M1 = 0.1, β = 1, V = 0.3, and
Mf = 1000.

Fig. 5 Optimum heat loss vs β with rb = 1.1, α= 0.9, V = 0.3, and
Mf = 1000.

Fig. 6 Optimum heat loss V withα= 0.9,β = 1, rb = 1.1, and Mf = 1000.

of Q∗ for the small values of M1 and the effect of β on Q∗ in-
creases as M1 increases. However, β has a relatively large influence
on the optimum dimensions. For example, under a weak convec-
tion condition (i.e., M1 = 0.05) when β increases from 0 to 3, the
optimum fin-tip radius r∗

e decreases from 2.16 to 1.94, and the op-
timum half-fin base thickness l∗ increases from 0.043 to 0.059 if
we note that r∗

e is scaled 0.1 times smaller and l∗ is scaled three
times larger in this figure. Physically, a larger β represents stronger
convection at the fin’s top and bottom surface areas, or a shorter

optimal fin-tip radius r∗
e is required. For the case of a fixed vol-

ume, l∗ increases as r∗
e decreases, as shown in Fig. 5. The compu-

tations also reveal that the range of optimum designs decreases as
M1 increases, because the peak in the heat transfer does not exist
there.

The variations of Q∗ and optimum dimensions as a function of
V under thermally asymmetric conditions are shown in Fig. 6. As
expected, the increase of V enhances the optimum heat loss. That
is, the optimum heat loss increases remarkably with respect to the
fin volume; the rate of increase accelerates as M1 becomes larger.
The same trend is true for the optimum fin-tip radius, r∗

e . Finally,
r∗

e increases rapidly at first and then levels off as V increases. It
can be seen that r∗

e increases as M1 decreases for the same fixed
fin volume. Also, the optimum half fin-base thickness, l∗, increases
almost linearly with the increase of total fin volume. Physically,
the optimum annular fins of rectangular profile become fatter and
longer with the increase of the fin volume, especially for a range of
small values of V .

Conclusions
The optimum design of a single annular rectangular fin under

thermally asymmetric conditions using a two-dimensional analysis
has been presented. The influence of different parameters, such as
the fin volume, the ratio of the fin-bottom convection characteristic
number to the top convection characteristic number (α), and the ratio
of the fin-tip convection characteristic number to the top convection
characteristic number (β), to the optimum designs are discussed.
This study shows that the optimum fin design is not obtainable
when some parameters are beyond certain values. In the range where
the maximum heat loss exists, both the optimum heat loss and the
fin height increase and the optimum fin-tip radius decreases as α
increases, or β increases, for a fixed volume. The optimum heat
loss, fin length, and fin height increase as the fin volume increases
when other variables are fixed.
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